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ABSTRACT

In this paper we consider pseudo-holomorphic curves in complex Grass-

miannians. Let ϕ0, ϕ1, · · · , ϕα0 : S2
→ Gk,n be a linearly full non-

degenerate pseudo-holomorphic harmonic sequence, and let degϕα and

Kα be the degree and the Gauss curvature of ϕα (α = 0, 1, · · · , α0)

respectively. Assume that ϕ0, ϕ1, · · · , ϕα0 is totally unramified. Then

we prove that (i) degϕα = k(α0 − 2α) for all α = 0, 1, · · · , α0; (ii)

Kα = 4
k(α0+2α(α0−α))

if Kα is constant for some α = 0, 1, · · · , α0, . We

also give some conditions for pseudo-holomorphic curves with constant

Kähler angle in complex Grassmiannians to be of constant curvature.

1. Introduction

Minimal surfaces of constant curvature in Sn have been classified completely

(cf., [3]). Minimal 2-spheres of constant curvature in a complex projective space

were also classified in [1] and [2], and rigidity theorems of holomorphic curves

and conformal minimal spheres in a complex projective space were obtained (cf.,

[2], [5]). Our interest is to investigate conformal minimal spheres in a complex

Grassmann manifold.
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In this paper we will use theory of harmonic maps to study geometry of

pseudo-holomorphic curves in a complex Grassmann manifold. Many results of

harmonic maps of surfaces into Lie groups and complex Grassmann manifolds

were obtained (cf., [4], [7], [9], [13] and [14]). These results are used to study

geometry of minimal spheres immersed in a complex Grassmann manifold. Har-

monic sequence is one of the main tools we use in this paper.

Let ϕ be an immersion of a Riemann surface M into a Kähler manifold N . Its

Kähler angle is defined to be the angle between Jdϕ(∂/∂x) and dϕ(∂/∂y), where

z = x +
√
−1y is a local complex coordinate on M and J denotes the complex

structure of N . Chern and Wolfson (cf., [6]) pointed out the importance of the

Kähler angle in the theory of minimal surfaces in Kähler manifolds. In 1988 J.

Bolton, G. R. Jensen, M. Rigoli and L. M. Woodward (cf., [2]) used the Kaehler

angle to study conformal minimal spheres in complex projective spaces.

In [8] and [12] pseudo-holomorphic curves in a complex Grassmann manifold

were studied. Recently, the classification of holomorphic spheres of constant

curvature in G2,5 was investigated (cf., [11]). In this paper we will discuss

curvature, Kähler angle and degree of pseudo-holomorphic curves in a complex

Grassmann manifold.

In the fourth section we will discuss the linearly full non-degenerate pseudo-

harmonic sequence ϕ0, ϕ1, . . ., ϕα0 : S2 → Gk,n (cf., [12]). Let degϕα and Kα be

the degree and the curvature of ϕα respectively. Suppose that ϕ0, ϕ1, . . . , ϕα0

is a totally unramified harmonic sequence. We will prove that (i) degϕα =

k(α0−2α) for every α = 0, 1, . . . , α0; (ii) Kα = 4
k(α0+2α(α0−α)) if Kα is constant

for some α = 0, 1, . . . , α0 (see Theorem 4.1). By this result we get that the

curvature of non-degenerate holomorphic curves of constant curvature in Gn,2n

equals 4/n (see Corollary 4.2). We will also give an example (the case of G2,6)

to show that it is possible that some elements in the non-degenerate harmonic

sequence determined by a holomorphic curve of constant curvature in Gk,n

(2 ≤ k ≤ n − 2) are not of constant curvature.

In the fifth section we will discuss pseudo-holomorphic curves with constant

Kähler angle in a complex Grassmann manifold and obtain Theorems 5.1 and

5.2. These theorems are generalizations of Bolton’s results for complex projec-

tive spaces (cf., [2]).
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2. Minimal immersions and harmonic sequences

Let U(n) be the unitary group. Let M be a simply connected domain in the

unit sphere S2 and let (z, z) a complex coordinate on M . We take the metric

ds2
M = dzdz on M . Denote

∂ =
∂

∂z
, ∂ =

∂

∂z
, Az =

1

2
s−1∂s, Az =

1

2
s−1∂s.

Let s : M → U(n) be a smooth map. Then s is a harmonic map if and only if

it satisfies the following equation (cf., [13]):

(1) ∂Az = [Az, Az ].

If s : S2 → U(n) is harmonic, then s is conformal and minimal. Let ω = g−1dg

be the Maurer–Cartan form on U(n), and let ds2
U(n) = 1

8 trωω∗ be the metric

on U(n). Then the metric induced by s on S2 is locally given by

(2) ds2 = −trAzAzdzdz.

Let Gk,n be the complex Grassmann manifold consisting of all complex k-

dimensional subspaces in Cn. Here we consider Gk,n as the set of Hermit-

ian orthogonal projections from Cn onto a k-dimensional subspace in Cn, i.e.,

Gk,n = {ϕ is a Hermitian orthogonal projection onto a k-dimensional subspace

in Cn}. Then ϕ : S2 → Gk,n is a Hermitian orthogonal projection onto a k-

dimensional subbundle η ⊂ S2 × Cn, and s = ϕ − ϕ⊥ is a map from S2 into

U(n). It is well-known that ϕ is harmonic if and only if s is harmonic. ϕ is a

holomorphic curve (or an anti-holomorphic curve) in Gk,n if and only if

ϕ⊥∂ϕ = 0 (or ϕ⊥∂ϕ = 0).

By using ϕ, a harmonic sequence (cf., [7], [14]) is derived as follows:

(3) ϕ = ϕ0
∂′

7−→ ϕ1
∂′

7−→ · · · ∂′

7−→ ϕα
∂′

7−→ · · · ,

(4) ϕ = ϕ0
∂′′

7−→ ϕ−1
∂′′

7−→ · · · ∂′′

7−→ ϕ−α
∂′′

7−→ · · · ,

where ϕα = ∂′ϕα−1 and ϕ−α = ∂′′ϕ−α+1 are Hermitian orthogonal projections

from S2 ×Cn onto Im
(

ϕ⊥
α−1∂ϕα−1

)

and Im
(

ϕ⊥
−α+1∂ϕ−α+1

)

respectively, α =

1, 2, . . ..

Let kα = rank (ϕα) and k−α = rank (ϕ−α) for α = 0, 1, . . .. We say that ϕα in

(3) (resp., ϕ−α in (4)) is non-degenerate if kα = kα+1 (resp., k−α = k−α−1).

If ϕ0 is a holomorphic curve in (3), then there are finite elements, which are

mutually orthogonal, in (3).



48 XIAOXIANG JIAO Isr. J. Math.

Suppose that ϕ : S2 → Gk,n is a pseudo-holomorphic curve (ϕ is obtained by

some holomorphic curves ϕ0 via ∂′), i.e. ϕ belongs to the following harmonic

sequence (cf., [8])

(5) 0
∂′

7−→ ϕ0
∂′

7−→ ϕ1
∂′

7−→ · · · ∂′

7−→ ϕ = ϕα
∂′

7−→ · · · ∂′

7−→ ϕα0

∂′

7−→ 0.

If kα = kβ for all α, β = 0, . . . , α0 in (5), then ϕ is also obtained by the

anti-holomorphic curve ϕα0 via ∂′′, and (5) is uniquely determined by ϕ (cf.,

[7]). We say that (5) is a non-degenerate harmonic sequence associate

to ϕ and α0 is the length of this non-degenerate harmonic sequence.

Definition: Let ϕ : S2 → Gk,n be a map. ϕ is linearly full if Im(ϕ) cannot

be contained in any proper trivial subbundle S2 × Cm of S2 × Cn (m < n).

In this paper, we always assume that ϕ is a linearly full pseudo-holomorphic

curve. Under this assumption, we have k0 + · · · + kα0 = n in (5).

For the harmonic sequence (5) we choose the local unitary frame e1, e2, . . . , en

of S2 × Cn such that ek0+···+kα−1+1, . . . , ek0+···+kα
locally span subbundle

Im
(

ϕ⊥
α−1∂ϕα−1

)

of S2 × Cn, where α = 1, 2, . . . , α0.

Let Wα =
(

ek0+...+kα−1+1, . . . , ek0+...+kα

)

be an (n × kα)-matrix for α =

1, . . . , α0, and let W0 = (e1, . . . , ek0) be an (n × k0)-matrix. Then, we have

(6) ϕα = WαW ∗

α,

(7) W ∗

αWα = Ikα×kα
, W ∗

αWα+1 = 0, W ∗

αWα−1 = 0.

By (7), a straightforward computation shows that

(8)

{

∂Wα = Wα+1Ωα + WαΨα,

∂Wα = −Wα−1Ω
∗
α−1 − WαΨ∗

α,

where Ωα is a (kα+1 × kα)-matrix and Ψα is a (kα × kα)-matrix for α =

0, 1, 2, . . . , α0, and Ω−1 = Ωα0 = 0.

It is very evident that integrability conditions for (8) are

(9) ∂Ωα = Ψ∗

α+1Ωα − ΩαΨ∗

α,

(10) ∂Ψα + ∂Ψ∗

α = Ω∗

αΩα + Ψ∗

αΨα − Ωα−1Ω
∗

α−1 − ΨαΨ∗

α.

By (8), A
(α)
z and A

(α)
z for ϕα are given by

(11) A(α)
z = −WαΩα−1W

∗

α−1 − Wα+1ΩαW ∗

α,
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(12) A
(α)
z = WαΩ∗

αW ∗

α+1 + Wα−1Ω
∗

α−1W
∗

α .

Now we assume that ϕα is non-degenerate, then | detΩα|2dzkαdzkα is a well-

defined invariant and has only isolated zeros on S2.

Set lα = tr(ΩαΩ∗
α). It can easily be verified that (cf., [12])

lα = tr
(

ϕ⊥

α ∂ϕα∂ϕα

)

, lα−1 + lα = −tr
(

A(α)
z A

(α)
z

)

,

and we have

(13) 2∂∂ log | detΩα| = lα−1 − 2lα + lα+1.

Remark: If (5) is a non-degenerate harmonic sequence, then (13) holds for all

α = 0, 1, . . . , α0 − 1, where l−1 = lα0 = 0. When kα = 1 for all α, then

lα = | detΩα|2, and (13) is just the unintegrated Plücker formulae for lα

derived by Bolton, Jensen, Rigoli and Woodward (cf., [2]).

3. Kähler angle, curvature and degree

If ϕ : M → Gk,n is a conformal immersion of a Riemann surface M , we define

the Kähler angle of ϕ to be the function θ : M → [0, π] given in terms of a

complex coordinate z on M by (cf., [2], [6])

(14) tan
θ(p)

2
=

|dϕ(∂/∂z)|
|dϕ(∂/∂z)| , p ∈ M.

It is clear that θ is globally defined and is smooth at p unless θ(p) = 0 or π. ϕ

is holomorphic if and only if θ(p) = 0 for all p ∈ M , while ϕ is anti-holomorphic

if and only if θ(p) = π for all p ∈ M .

Let ϕ : S2 → Gk,n be a conformal minimal immersion with the harmonic

sequence (5). Then, each ϕα : S2 → Gkα,n in (5) is also a conformal minimal

immersion. So there exists a finite set Xα (cf., [2]) such that the Kähler angle

θα : S2 \ Xα → [0, π]

is well-defined, and is smooth on S2 \ Xα.

Set tα = (tan(θα/2))
2
. Then, in terms of a local complex coordinate z,

tα = lα−1/lα.

Let ds2
α be the metric on S2 \ Xα induced by ϕα. Then

ds2
α = (lα−1 + lα)dzdz.
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The Laplacian △α and the curvature Kα of ds2
α are given by

△α =
4

lα−1 + lα
∂∂, Kα = − 2

lα−1 + lα
∂∂ log(lα−1 + lα),

and the area form dvα by

dvα = (lα−1 + lα)
dz ∧ dz

2
√
−1

.

Let ϕ(α) = ϕ0 ⊕ · · · ⊕ ϕα. Then ϕ(α) is holomorphic, and ∂′ϕ(α) = ϕα+1 (cf.,

[12]).

Now choose k(α) holomorphic Cn-valued functions f1, . . . , fk(α)
so that they

locally span Im
(

ϕ(α)
)

, where k(α) = k0 + · · · + kα. Let

F (α)ρα(z) = f1 ∧ · · · ∧ fk(α)
,

where ρα(z) is the greatest common divisor of the
(

n
k(α)

)

components of

f1 ∧ · · · ∧ fk(α)
. Then we have |ρα(z)|2

∣

∣F (α)
∣

∣

2
=

∣

∣f1 ∧ · · · ∧ fk(α)

∣

∣

2
, and

F (α) : S2 → C
( n

k(α)
)

is a nowhere zero holomorphic curve.

Consider the composite of the Plücker embedding (cf., [10]) with ϕ(α),

(15)
[

F (α)
]

: S2 → CP
( n

k(α)
)−1

,

which is a holomorphic isometry. Then
[

F (α)
]∗

ds2

CP
( n

k(α)
)−1

= lαdzdz, and we

have

(16) ∂∂ log
∣

∣

∣
F (α)

∣

∣

∣

2

= lα,

and the degree δα of
[

F (α)
]

is given by

(17) δα =
1

2π
√
−1

∫

S2

∂∂ log
∣

∣

∣
F (α)

∣

∣

∣

2

dz ∧ dz =
1

2π
√
−1

∫

S2

lαdz ∧ dz,

which is equal to the degree of the polynomial function F (α) in z. Then we have

Proposition 3.1 ([12]): Let ϕ : S2 → Gk,n be a linearly full non-degenerate

pseudo-holomorphic curve. Assume that ϕ is the α-th element of (5) for some

α = 0, 1, . . . , α0 − 1, then

(18)
1

2π
√
−1

∫

S2

∂∂ log |detΩα|2 dz ∧ dz = δα−1 − 2δα + δα+1.
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Remark: If (5) is a non-degenerate harmonic sequence, then (18) holds for all

α = 0, 1, . . . , α0−1, where δ−1 = δα0 = 0; In particular, when k0 = · · · = kα0 =

1, (18) is the global Plücker formula (cf., [2], [10]). If ϕα : S2 → Gkα,n is a

pseudo-holomorphic with constant Kähler angle, then tα = δα−1/δα.

We choose kα local sections hα
1 , . . . , hα

kα
, which locally span Im(ϕα), such that

f1 ∧ · · · ∧ fk(α)
= f1 ∧ · · · ∧ fk(α−1)

∧ hα
1 ∧ · · · ∧ hα

kα
.

We set

(19) |ϕα|2 =
∣

∣hα
1 ∧ · · · ∧ hα

kα

∣

∣

2
.

Then |ϕα|2 has some isolated zeros on S2. Evidently, we have

(20) |ρα(z)|2
∣

∣

∣
F (α)

∣

∣

∣

2

= |ρα−1(z)|2
∣

∣

∣
F (α−1)

∣

∣

∣

2

|ϕα|2 .

Specially, we have |ϕ0|2 = |f1 ∧ · · · ∧ fk0 |2 = |ρ0(z)|2
∣

∣F (0)
∣

∣

2
. Hence

|ρα(z)|2
∣

∣

∣
F (α)

∣

∣

∣

2

= |ϕ0|2 · · · |ϕα|2 .

From (20) it follows that

(21) ∂∂ log |ϕα|2 = lα − lα−1,

where α = 0, 1, . . . , α0.

Then we have the following lemma.

Lemma 3.2: Let ϕ = ϕα : S2 → Gkα,n be a linearly full non-degenerate pseudo-

holomorphic curve. Then we have

(22) |detΩα|2 =
|ϕα+1|2

|ϕα|2
.

Proof. From (8) it follows that

Ωα = W ∗

α+1∂Wα

Let Hα =
(

hα
1 , . . . , hα

kα

)

and Hα+1 =
(

hα+1
1 , . . . , hα+1

kα+1

)

. Then there are in-

vertible (kα × kα)-matrix Aα and (kα+1 × kα+1)-matrix Aα+1 such that

Hα = WαAα, Hα+1 = Wα+1Aα+1.

Since ϕα is non-degenerate, then we have ∂Hα = Hα+1 + HαBα, and

Ωα =
(

A∗

α+1

)−1
H∗

α+1∂HαA−1
α = (A∗

α+1)
−1H∗

α+1Hα+1A
−1
α .
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Hence we have

detΩα =
det(A∗

α+1)
−1 det(H∗

α+1Hα+1)

detAα

=
detAα+1

detAα

.

The result is immediate from

|ϕα|2 = det (A∗

αAα) and |ϕα+1|2 = det
(

A∗

α+1Aα+1

)

.

Let Lα be the line bundle spanned by hα
1 ∧ · · · ∧ hα

kα
. If c1(Lα) denotes the

first Chern class of the line bundle Lα, then for α = 0, 1, . . . , α0

c1(Lα) =
−1

2π
√
−1

∫

S2

∂∂ log |ϕα|2dz ∧ dz.

Hence

(23) c1(Lα) =
1

2π
√
−1

∫

S2

(lα−1 − lα)dz ∧ dz

and

(24) c1(Lα+1) − c1(Lα) = − 1

2π
√
−1

∫

S2

(lα−1 − 2lα + lα+1)dz ∧ dz.

Thus, it follows from (17), (23) and (24) that

(25) c1(Lα) = δα−1 − δα,

(26) c1(Lα+1) − c1(Lα) = −(δα−1 − 2δα + δα+1),

where α = 0, 1, . . . , α0, and δ−1 = δα0 = 0.

Let M denote a compact Riemann surface and let ϕ : M → Gk,n be a smooth

map.

Definition ([4]): The degree of ϕ, denoted degϕ is the degree of the induced

map ϕ∗ : H2(Gk,n,Z) ∼= Z → H2(M,Z) ∼= Z on second cohomology. Note that

a holomorphic map has nonnegative degree (cf., [9]).

By Lemma 5.1 of [4] we have

Proposition 3.3: Let ϕ = ϕα : S2 → Gk,n be a linearly full pseudo-holo-

morphic curve. Then degϕ = δα − δα−1 and degϕ⊥ = −degϕ.

By Proposition 3.1, Lemma 3.2 and Proposition 3.3 we get

Lemma 3.4: Let ϕ = ϕα : S2 → Gkα,n be a linearly full non-degenerate pseudo-

holomorphic curve. Suppose that | detΩα|2dzkαdzkα 6= 0, then

(i) δα−1 − 2δα + δα+1 = −2kα;
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(ii) degϕα+1 − degϕα = −2kα.

Proof. By definition (8) of Ωα it can be easily checked that Ωαdz is a matrix-

valued differential form. Let |ωα
j |2 (j = 1, . . . , kα ) be eigenvalues of Ω∗

αΩα.

Then |ωα
j |2dzdz is globally defined on S2. Since | detΩα|2dzkαdzkα 6= 0, we get

for j = 1, . . . , kα, |ωα
j |2dzdz 6= 0. Then by the Gauss–Bonnet–Chern theorem

(cf.,[15]) we have

1

2π
√
−1

∫

S2

∂∂ log |ωα
j |2dz ∧ dz = −2.

Therefore, it follows that

1

2π
√
−1

∫

S2

∂∂ log | detΩα|2dz∧dz =
1

2π
√
−1

kα
∑

j=1

∫

S2

∂∂ log |ωα
jj |2dz∧dz = −2kα.

By Proposition 3.1 we have

δα−1 − 2δα + δα+1 = −2kα.

By Lemma 3.2 and Proposition 3.3 we get

degϕα+1 − degϕα = −2kα.

We remark that the energy E(Lα) of the map ϕα : S2 → Gk,n defined by

E(Lα) =
1

2π
√
−1

∫

S2

(lα + lα−1)dz ∧ dz,

is also an integer, namely,

(27) E(Lα) = δα + δα−1.

4. Minimal spheres of constant curvature with non-degenerate asso-

ciated harmonic sequence

Let ϕ : S2 → Gk,n be a linearly full pseudo-holomorphic curve with non-

degenerate associated harmonic sequence (n = k(α0 + 1) in this case )

(28) ϕ0, ϕ1, . . . , ϕα0 : S2 → Gk,n.

If ϕ0, ϕ1, . . . , ϕn : S2 → CPn is the Veronese sequence (cf., [1], [2]), then for all

α = 0, 1, . . . , n,
∣

∣

∣
F (α)

∣

∣

∣

2

= aα(1 + zz)(α+1)(n−α), |ϕα|2 = bα(1 + zz)n−2α,
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and for all α = 0, 1, . . . , n − 1,

| detΩα|2dzdz = cα(1 + zz)−2dzdz 6= 0,

where above aα, bα, cα are constant.

The Veronese sequence is a totally unramified harmonic sequence by Bolton’s

definition in [2]. Similarly, for general Gk,n, we say that non-degenerate

harmonic sequence (28) is a totally unramified harmonic sequence if

| detΩα|2dzkdzk 6= 0 for all α = 0, 1, . . . , α0 − 1.

We say that (28) is a harmonic sequence of constant curvature if each

map of (28) is of constant curvature.

In the following we prove that

Theorem 4.1: Let ϕ : S2 → Gk,n be a linearly full pseudo-holomorphic curve

with non-degenerate associated harmonic sequence (28). Suppose that (28) is

a totally unramified harmonic sequence, then

(i) degϕα = k(α0 − 2α) for all α = 0, 1, . . . , α0;

(ii) Kα = 4
k(α0+2α(α0−α)) if Kα is constant for some α = 0, 1, · · · , α0.

Proof. By Lemma 3.4 we can get

δα = k(α + 1)(α0 − α),

for all α = 0, 1, . . . , α0.

By Proposition 3.3 we have

degϕα = δα − δα−1 = k(α0 − 2α).

If the Gaussian curvature Kα of ϕα is constant, then Kα is given by

Kα =
4

δα−1 + δα

=
4

k(α0 + 2α(α0 − α))
.

The following corollary is an immediate consequence of Theorem 4.1.

Corollary 4.2: Let ϕ : S2 → Gn,2n be a holomorphic curve of constant

curvature. Suppose that ϕ is non-degenerate, then K(ϕ) = 4/n.

Note: It can easily be checked that | detΩα|2dzkdzk = (1 + zz)
−2k

dzkdzk for

all α = 0, 1, . . . , α0 − 1 if (28) is a harmonic sequence of constant curvature.

It is well-known that for k = 1, (5) determined by a conformal minimal sphere

of constant curvature in a complex projective space is a harmonic sequence of
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constant curvature. Furthermore, (5) is the Veronese sequence, up to an isom-

etry of CPn (cf.,[1], [2]). In the following, we will give an example to conclude

that it is a possibility that this result doesn’t hold for Gk,n (2 ≤ k ≤ n − 2).

We consider a non-degenerate harmonic sequence in G2,6 (α0 = 2):

0
∂′

7−→ ϕ0
∂′

7−→ ϕ1
∂′

7−→ ϕ2
∂′

7−→ 0,

where ϕ0 : S2 → G2,6 is a holomorphic curve of constant curvature.

We will construct ϕ0 such that ϕ1 and ϕ2 are not maps of constant curvature.

Set Im(ϕα) = span {fα(z, z), gα(z, z)}, where fα(z, z) and gα(z, z) are two

(local) linearly independent sections of S2 × C6, α = 0, 1, 2.

We choose two local sections f0(z) and g0(z) of Im(ϕ0), which is a holomor-

phic subbundle of S2 × C6, as follows:

f0(z) =
(

1, 0,
1√
2
z,

√
31

2
√

7
z2,

9

2
√

7
z2, 0

)

, g0(z) =
(

0, 1, 0, 0,

√
7√
2
z,

1

2
z2

)

.

From Im(ϕ1) = Im
(

ϕ⊥
0 ∂ϕ0

)

it follows that two local sections f1(z, z) and

g1(z, z) of Im(ϕ1) are given by

f1(z, z) =
(

x
(1)
1 , x

(1)
2 , x

(1)
3 , x

(1)
4 , x

(1)
5 , x

(1)
6

)

,

g1(z, z) =
(

y
(1)
1 , y

(1)
2 , y

(1)
3 , y

(1)
4 , y

(1)
5 , y

(1)
6

)

,

where

x
(1)
1 = −z

(

4 + 78zz + 63z2z2 + 16z3z3
)

8
, x

(1)
2 = −9zz(4 + zz)

4
√

2
,

x
(1)
3 =

8 + 28zz − 30z2z2 − 31z3z3 − 8z4z4

8
√

2
,

x
(1)
4 =

√
31z

(

16 + 60zz + 18z2z2 + z3z3
)

16
√

7
,

x
(1)
5 =

9z
(

16 + 4zz + 4z2z2 + z3z3
)

16
√

7
, x

(1)
6 = −9z3z(4 + zz)

8
√

2
;

y
(1)
1 =

9z2
(

−4 + z2z2
)

8
√

2
,

y
(1)
2 = −z

(

28 + 18zz + 33z2z2 + 16z3z3
)

8
,
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y
(1)
3 =

9zz2
(

−4 + z2z2
)

16
, y

(1)
4 =

9
√

31z2z2
(

−4 + z2z2
)

16
√

14
,

y
(1)
5 =

112 + 56zz + 96z2z2 − 14z3z3 − 31z4z4

16
√

14
,

y
(1)
6 =

z
(

16 + 36zz + 78z2z2 + 31z3z3
)

16
.

Similarly, two local sections f2(z, z) and g2(z, z) of Im(ϕ2), which is an anti-

holomorphic subbundle of S2 × C6, are given by

f2(z, z) =
(

x
(2)
1 , x

(2)
2 , x

(2)
3 , x

(2)
4 , x

(2)
5 , x

(2)
6

)

,

g2(z, z) =
(

y
(2)
1 , y

(2)
2 , y

(2)
3 , y

(2)
4 , y

(2)
5 , y

(2)
6

)

,

where

x
(2)
1 = 2z2

(

124 + 128zz + 31z2z2
)

, x
(2)
2 = −72

√
2zz2,

x
(2)
3 = −4

√
2z

(

124 + 128zz + 31z2z2
)

, x
(2)
4 =

4
√

31
(

28 + 8zz + 7z2z2
)

√
7

,

x
(2)
5 =

288zz√
7

, x
(2)
6 = −144

√
2z;

y
(2)
1 = −72

√
2z3, y

(2)
2 = 2z2

(

28 + 248zz + 31z2z2
)

,

y
(2)
3 = 288z2, y

(2)
4 =

36
√

62zz2(8 + zz)√
7

,

y
(2)
5 = −4

√
2z

(

28 + 248zz + 31z2z2
)

√
7

, y
(2)
6 = 4

(

28 + 248zz + 31z2z2
)

.

It is very easy to see that rank(ϕ0) = rank(ϕ1) = rank(ϕ2) = 2. Hence

ϕ0, ϕ1, ϕ2 : S2 → G2,6 is a non-degenerate harmonic sequence.

An immediate computation shows that the induced metric by ϕ0 is given by

ds2
0 =

4

(1 + zz)2
dzdz,

and the induced metric by ϕ2 is given by ds2
2 = 8λ2

2dzdz, where λ2
2 = A/B2,

A = 14336 + 65856x + 197904x2 + 199456x3 + 90984x4 + 18228x5 + 1457x6,

B = 112 + 1024x + 1176x2 + 376x3 + 31x4, x = zz. By [12] we get that the

induced metric ds2
1 by ϕ1 is ds2

0 + ds2
2. It can easily be checked that curvature

K(ϕ0) of ϕ0 is 1, and ϕ1 and ϕ2 are not maps of constant curvature, namely,

ϕ0, ϕ1, ϕ2 : S2 → G2,6 is not a harmonic sequence of constant curvature.
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Furthermore, by a direct computation we get

|ϕ0|2 = (1 + zz)4,

|ϕ1|2 =
112 + 1024zz + 1176z2z2 + 376z3z3 + 31z4z4

(1 + zz)4
,

|ϕ2|2 =
1

112 + 1024zz + 1176z2z2 + 376z3z3 + 31z4z4 .

Then by Lemma 3.2 we have

| detΩ0|2dz2dz2 =
112 + 1024zz + 1176z2z2 + 376z3z3 + 31z4z4

(1 + zz)8
dz2dz2 6= 0,

| detΩ1|2dz2dz2 =
(1 + zz)4

(

112 + 1024zz + 1176z2z2 + 376z3z3 + 31z4z4
)2 dz2dz2 6= 0.

Therefore, this is a totally unramified harmonic sequence.

In [12] a harmonic sequence of constant curvature was given. This shows that

the case of complex Grassmann manifolds is very complicated, and it is very

difficult for classification of pseudo-holomorphic spheres of constant curvature

in a complex Grassmann manifold.

5. Minimal spheres with constant Kähler angle

In this section we will discuss pseudo-holomorphic curves with constant Kähler

angle in a complex Grassmann manifold. We know that the pseudo-holomorphic

curve of constant curvature has constant Kähler angle (cf. [12]).

Let ϕ : S2 → Gk,n be a pseudo-holomorphic curve with constant Kähler angle

θ, and let ϕ0, ϕ1, . . . , ϕα0 be its associated harmonic sequence. Let ϕ = ϕα for

some α = 0, 1, . . . , α0.

Suppose that ϕ0, ϕ1, . . . , ϕα0 is a totally unramified non-degenerate harmonic

sequence, then from results of the above section it follows that

(29) tα =
α(α0 − α + 1)

(α + 1)(α0 − α)
.

Since tα is constant, then we have

δαlα−1 = δα−1lα.

Then by (16) it is not difficult to get that there exists a non-zero constant c

such that

(30)
∣

∣

∣
F (α)

∣

∣

∣

2δα−1

= c
∣

∣

∣
F (α−1)

∣

∣

∣

2δα

.



58 XIAOXIANG JIAO Isr. J. Math.

Thus we can prove the following theorem, which is similar to Theorem 9.2 in

[2].

Theorem 5.1: Let ϕ : S2 → Gk,n be a linearly full pseudo-holomorphic curve

with constant Kähler angle, and let ϕ0, ϕ1, . . . , ϕα0 be its associated harmonic

sequence with ϕ = ϕα. If δα and δα−1 are coprime, then ϕ is of constant

curvature.

Proof. By (30),
∣

∣F (α)
∣

∣

2
and

∣

∣F (α−1)
∣

∣

2
, as elements of C[z, z], have the same

prime factors. Suppose that P (z, z) is a prime factor with degree d in z. Then

we have

δα−1|d, δα|d.

Since δα and δα−1 are coprime, then d must be 1. Therefore, we have
∣

∣

∣
F (α−1)

∣

∣

∣

2

= P (z, z)δα−1 ,
∣

∣

∣
F (α)

∣

∣

∣

2

= P (z, z)δα .

Without loss of generality, we may assume that P (z, z) = A + Bz + Bz + Dzz

for some complex numbers A, B, D with A, D real, and AD − BB > 0. Then,

using (16) we have

lα−1 + lα = (δα−1 + δα)∂∂ log P (z, z) = (δα−1 + δα)
AD − BB

P (z, z)2
,

which implies that ds2
α = (lα−1 + lα)dzdz is of constant curvature.

In fact, if ϕ0, ϕ1, . . . , ϕα0 is a totally unramified non-degenerate harmonic

sequence, then from Theorem 4.1 it follows that

(δα−1, δα) = k (α(α0 − α + 1), (α + 1)(α0 − α)) ≥ k.

Therefore, it is impossible that δα−1 and δα are coprime for totally unramified

non-degenerate harmonic sequence ϕ0, ϕ1, . . . , ϕα0 : S2 → Gk,n (2 ≤ k ≤ n−2).

If α0 and α0 + 2 are consecutive prime integers, then

(δα−1, δα) = k(α(α + 1), α0 − 2α) = k(α + 1, α0 + 2) = k.

Hence, when k is a prime number, above d must 1 or k, namely,
∣

∣F (α)
∣

∣

2
and

∣

∣F (α−1)
∣

∣

2
possibly have prime factors with degree k in z. Thus we get the

following theorem.

Theorem 5.2: Let ϕ : S2 → Gk,n be a linearly full pseudo-holomorphic curve

of constant Kähler angle with a non-degenerate associated harmonic sequence



Vol. 163, 2008 PSEUDO-HOLOMORPHIC CURVES 59

ϕ0, ϕ1, . . . , ϕα0 . Suppose that ϕ0, ϕ1, . . . , ϕα0 is totally unramfied with ϕ = ϕα

for some α = 0, 1, . . . , α0 − 1. If α0 and α0 + 2 are consecutive prime integers,

and if k is a prime number, then ϕ is of constant curvature unless |ϕ|2 or |ϕ|−2

has prime factors with degree k (2 ≤ k ≤ n − 2) in z.

Theorem 5.1 and 5.2 are generalizations of Bolton’s results (cf. [2]).

Acknowledgement. The authors would like to express gratitude for the ref-

eree’s comments.

References

[1] S. Bando and Y. Ohnita, Minimal 2-spheres with constant curvature in Pn(C), Journal

of the Mathematical Society of Japan 39 (1987), 477–487.

[2] J. Bolton, G. R. Jensen, M. Rigoli and L. M. Woodward, On conformal minimal immer-

sions of S2 into CP n, Mathematische Annalen 279 (1988), 599–620.

[3] R. L. Bryant, Minimal surfaces of constant curvature in Sn, Transactions of the American

Mathematical Society 290 (1985), 259–271.

[4] F. E. Burstall and J. C. Wood, The construction of harmonic maps into complex Grass-

mannians, Journal of Differential Geometry 23 (1986), 255–297.

[5] E. Calabi, Isometric embedding of complex manifolds, Annals of Mathematics 58 (1953),

1–23.

[6] S. S. Chern and J. G. Wolfson, Minimal surfaces by moving frames, American Journal

of Mathematics 105 (1983), 59–83.

[7] S. S. Chern and J. G. Wolfson, Harmonic maps of the two-spheres in a complex Grass-

mann manifold, Annals of Mathematics 125 (1987), 301–335.

[8] Q. Chi and Y. Zheng, Rigidity of pseudo-holomorphic curves of constant curvature in

Grassmann manifolds, Transactions of the American Mathematical Society 313 (1989),

393–406.

[9] J. Eells and L. Lemaire, Selected Topics in Harmonic Maps, C.B.M.S. Regional Con-

ference Series in Mathematics, no. 50, American Mathematical Society, Providence, RI,

1983.

[10] P. Griffiths and J. Harris, Principles of Algebric Geomety, Wily, London, New York, 1978

[11] X. X. Jiao and J. G. Peng, Classification of holomorphic two-spheres with constant

curvature in complex Grassmannians G2,5, Differential Geometry and its Applications

20 (2004), 267–277.

[12] X. X. Jiao and J. G. Peng, Pseudo-holomorphic curves in complex Grassmann manifolds,

Transactions of the American Mathematical Society 355 (2003), 3715–3726.

[13] K. Uhlenbeck, Harmonic maps into Lie groups (classical solutions of the chiral model),

Journal of Differential Geometry 30 (1989), 1–50.



60 XIAOXIANG JIAO Isr. J. Math.

[14] J. G. Wolfson, Harmonic sequences and harmonic maps of surfaces into complex Grass-

mann manifolds, Journal of Differential Geometry 27 (1988), 161–178.

[15] K. Yang, Complete and Compact Minimal Surfaces, Kluwer Academic Publishers, Dor-

drecht, 1989.


